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Conformal Gravity
with the most general ELKO Matter
Luca Fabbri
Abstract
Recently we have constructed the conformal gravity with metric and
torsion, finding the gravitational field equations that give the conservation
laws and trace condition; in the present paper we apply this theory to the
case of ELKO matter field, proving that their spin and energy densities
once the matter field equations are considered imply the validity of the
conservation laws and trace condition mentioned above.
Introduction
That conformal gravity is important is due to a number of reasons: mathemati-
cally, its Lagrangian is unique as proven by Weyl, physically, its renormalizabil-
ity was addressed by Stelle [1], phenomenologically, it provides an explanation
for dark matter as discussed by Mannheim and Kazanas [2]; spontaneous confor-
mal symmetry breaking has been studied [3, 4]. On the other hand, a complete
theory of gravity possesses beside the curvature also the torsion tensor, aris-
ing as gauge strengths of rotations and translations in the gauge theory of the
Poincaré group [5]; in this way the full coupling to both energy and spin den-
sity tensors may be established [6]. Therefore, we have that metric as well
as torsion conformal transformations have to be defined [7]. In a very recent
paper, we have found a curvature with metric and torsion that is conformal in
(1+3)-dimensional spacetimes, constructing the conformal metric-torsional the-
ory by giving the system of gravitational field equations and the corresponding
conservation laws and trace condition for the spin and energy densities [8, 9].
Now, a few years ago, a new form of matter was introduced, and called ELKO
from the acronym of the German Eigenspinoren des LadungsKonjugationsOper-
ators, designating eigenspinors of the charge-conjugation operator; ELKO fields
are spin- 12 fermions of Majorana type: since ELKOs are topologically neutral,
they display non-locality [10, 11]. In order for ELKO fields to possess mass they
have to obey second-order derivative matter field equations, meaning that their
mass dimension is 1 [12, 13]. That ELKO are Majorana fields with scalar-like
mass dimension endows them with interesting properties, and their possible ap-
plications ranging from particle physics to cosmology have been addressed in
various works such as those given in literature in references from [14] to [42].
In this paper, we shall apply the above-mentioned theory of conformal grav-
ity with curvature and torsion to the case of ELKO matter fields: after a brief
introduction of the geometrical background we will discuss how to construct an
ELKO action that is conformally invariant; its variation will give the ELKO
spin and energy densities with matter field equations, with which we will check
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that both conservation laws and trace condition are valid indeed. Eventually
we will discuss how to ensure the conformal invariance then both curvature and
torsion tensors are in fact necessary in the case of the ELKO matter model.
1 Conformal Curvature and Derivative
Here we follow the convention about geometry as in [8], and for matter as in [9].
We only recall that for a given σ and defining lnσ = φ the torsion and metric
tensors have conformal transformations
Qσρα → Q
σ
ρα + q(δ
σ
ρ ∂αφ− δ
σ
α∂ρφ) (1)
gαβ → σ
2gαβ (2)
so that for the metric-compatible connection Γσρα the conformal transformation
is a consequence of (1) and (2); in terms of metric and connection it is possible
to introduce the Minkowskian metric ηij and a basis of vierbein e
i
α together with
the antisymmetric spin-connection ωijα and their conformal transformation is
given in terms of the previous ones: eventually we introduce the γa matrices so
to define the 14 [γa,γb] = σab matrices through which the connection Ωρ and its
conformal transformation are assigned, and covariant derivatives Dρ for ELKO
fields may be defined. The ELKO and ELKO dual conformal transformation is
λ→ σ−1λ
¬
λ→ σ−1
¬
λ (3)
as ELKO and ELKO dual are Majorana fields with scalar-like mass dimension.
The Riemann-Cartan metric-torsional curvature tensor Gρξµν is defined as
it is customary. The commutator of spinorial covariant derivatives is
[Dρ,Dµ]λ = Q
θ
ρµDθλ+
1
2G
αβ
ρµσαβλ (4)
and once the curvature is defined, this is a geometric identity.
The metric-torsional curvature tensor can be modified as in the following
Mαβµν = Gαβµν + (
1−q
3q )(QβQαµν −QαQβµν) (5)
since this is the form whose irreducible part
Tαβµν = Mαβµν −
1
2 (Mα[µgν]β −Mβ[µgν]α) +
1
12M(gα[µgν]β − gβ[µgν]α) (6)
is conformally covariant in (1 + 3)-dimensional spacetimes. However, because
the ELKO field is a Majorana spinor with a peculiar mass dimension, from the
covariant derivative of ELKO the construction of a kinetic term that is also
conformally invariant is not a straightforward procedure, as we discuss next.
2 Conformal Gravity and Matter: ELKO Fields
When treating the conformal spinor field, the simplest example of Dirac field is
such that due to its mass dimension 32 its first-order derivative kinetic term and
conformal transformations makes it conformally invariant in a trivial way [9].
The same cannot hold in this case, since ELKO are Majorana fields with
mass dimension 1: although they a special type of spinor, their peculiar mass
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dimension makes them more analogous to scalars both about their dynamical
properties and in terms of their conformal transformation; so for ELKO like
scalar fields, the second-order derivative kinetic term |Dλ|2 is such that the
conformal transformation (3) produces the appearance of additional extra terms
in the action. However, we may take advantage of the fact that geometrical
fields like the torsion trace Qα and the modified curvature trace M under their
conformal transformations produce the appearance of similar types of additional
terms in the action: therefore for ELKO as well as for scalars, if beside the
kinetic term also these extra terms are added, then specific fine-tunings may be
assumed for which all additional terms cancel exactly, yielding for this improved
kinetic term in the action the conformal invariance. A quick inventory gives
possible terms that can be taken and a long although straightforward calculation
shows that a specific fine-tuning may actually be chosen in order for the action
to be conformally invariant if given by
S =
∫
[Lgravity +Dρ
¬
λDρλ+ aDρ
¬
λ σρβDβλ+
+(aq+q−13q )(Dα
¬
λ σανλ−
¬
λ σανDαλ)Qν + (
4−3a+3qa−24p+24pq
12q )Dνλ
2Qν +
+(7−3a−6q+3aq
2+3q2−24p−24pq+48pq2
36q2 )λ
2QαQ
α + pλ2M ]|e|dV (7)
with parameters a and p and where it is over the volume of the spacetime that
the integral is taken. By varying (7) we get the spin and energy densities
Sµαβ = 12 (D
µ
¬
λ σαβλ−
¬
λ σαβDµλ) +
+a2 (Dρ
¬
λ σρµσαβλ−
¬
λ σαβσµρDρλ) +
+(1−q−aq6q )(D
ρ
¬
λ σρθλ−
¬
λ σρθD
ρλ)gθ[βgα]µ −
−(4−3a+3aq−24p24q )Dθλ
2gθ[βgα]µ − (1−q−aq6q )Qθ
¬
λ {σθµ,σαβ}λ+
+(7−3a−6q+3q
2+3aq2−22p−29pq+48pq2
36q2 )Q
[αgβ]µλ2 − pQµαβλ2 (8)
Tαµ = (Dµ
¬
λDαλ+Dα
¬
λ Dµλ− gµαDρ
¬
λ Dρλ) +
+a(Dµ
¬
λ σαρDρλ+Dρ
¬
λ σραDµλ− gµαDρ
¬
λ σρσDσλ) +
+(1−q−aq3q )Dβ(D
ρ
¬
λ σρνλ−
¬
λ σρνD
ρλ)(gανgµβ − gαµgνβ)−
−(4−3a+3qa−24p+24pq12q )DβDνλ
2(gανgµβ − gαµgνβ) +
+(1−q−aq3q )Qρ(D
µ
¬
λ σραλ−
¬
λ σραDµλ)−
−(7−3a−6q+3q
2+3aq2−24p+24pq2
18q2 )Dβ(λ
2Qν)(g
βµgαν − gαµgβν) +
+(4−3a+3qa−24p+24pq12q )Q
αDµλ2 +
+(7−3a−6q+3q
2+3aq2−24p+24pq
36q2 )QρQ
ρλ2gαµ −
− 2p(1−q)3q (Q
αQµ +QαµρQρ)λ
2 + 2p(Mαµ − 12g
αµM)λ2 (9)
along with the matter field equations
D2λ+QµDµλ+ aσ
ρµDρDµλ+ (
aq−2q+2
3q )Qρσ
ρµDµλ+
+(aq+q−13q )DρQµσ
ρµλ+ (4−3a+3qa−24p+24pq12q )DρQ
ρλ−
−(7−3a−18q+9aq−6aq
2+3q2−24p+48pq−24pq2
36q2 )QαQ
αλ− pMλ = 0 (10)
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as a simple although quite laborious computation would show.
It is possible to see that the spin and energy densities (8-9) so soon as the
conformal matter field equations (10) are accounted have conservation laws
DρS
ρµν +QρS
ρµν + 12T
[µν] = 0 (11)
DµT
µρ +QµT
µρ − TµσQ
σµρ + SβµσG
σµβρ = 0 (12)
and the trace condition
(1 − q)(DµS
νµ
ν +QµS
νµ
ν ) +
1
2T
µ
µ = 0 (13)
where the commutator of covariant derivatives has been used; when a geometri-
cal background is conformally invariant there is the loss of one degree of freedom
realized by the introduction of the trace condition as constraint: such constraint
has the structure of a conservation law and it is therefore dynamically imple-
mented in the conformal theory of gravitation for ELKO matter fields.
Conclusion
We have considered the conformal theory of gravity discussing the case of ELKO
matter fields, of which we have obtained the spin and energy density tensors
along with the matter field equations, showing that the spin and energy densi-
ties, when the matter field equations are taken, satisfy both conservation laws
and trace condition; we have to stress that among all possible values of the
conformal parameters q, a, p, there exists no possible choice for which the pres-
ence of torsion can be removed altogether: if a conformal gravity that beside
curvature has also torsion is important in itself, a conformal curvature-torsional
gravitational theory is necessary for applications to the ELKO matter model.
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